On a Riemannian manifoldM m+n with an (m + 1)-calibration Ω, we prove that an msubmanifold M with constant mean curvature H and calibrated extended tangent space RH ⊕ T M is a critical point of the area functional for variations that preserve the enclosed Ω-volume. This recovers the case described by Barbosa, do Carmo and Eschenburg, when n = 1 and Ω is the volume element ofM. To the second variation we associate an Ω-Jacobi operator and define Ω-stability. Under natural conditions, we show that the Euclidean m-spheres are the unique Ω-stable submanifolds of R m+n . We study the Ω-stability of geodesic m-spheres of a fibred space form M m+n with totally geodesic (m + 1)-dimensional fibres.
Introduction
Immersed hypersurfaces with constant mean curvature of a Euclidean space are known to be critical points of a variational problem, namely, they are critical points of the marea A D (t) for all variations φ t : D ⊂ M m → R m+1 of φ = φ 0 fixing the boundary of a compact domain D, and that leave a certain enclosed (m + 1)-volume V D (t) invariant. This volume can be given by V D (φ ) = is the Ω-Jacobi operator acting on sections W of TM along M. This is the usual Jacobi operator with an extra first-order differential operator C Ω depending on Ω and∇Ω, and Ψ Ω, D a suitable linear function. We define a class of vector fields ofM along φ : D →M, where e i is a direct o.n. frame of M. Such vector fields are vectors of variation for some Ω-volume preserving variations. We will say that a submanifold with parallel mean curvature is Ω-stable if I Ω (W,W ) ≥ 0 for all vector variations W lying in H 1 0,T (NM /D ), i.e., the H 1 -completion of the vector space generated by F D,Ω . If a calibrated extension M ′ of M exists, our stability condition is more restrictive than the one in [3] , and depends on the geometry ofM. But the two concepts are related, if, for example, Ω is a parallel calibration and NM is a trivial bundle, or it is defined by a fibration ofM by totally geodesic (m + 1)-dimensional submanifolds. Related to this last case, we study the Ω-stability of m-dimensional geodesic spheres of (m + n)-dimensional space forms. For the casē M = R m+n with any parallel calibration, we give some natural conditions in Theorem 4.2, which extend the case n = 1 of [2] and enable us to conclude that a m-dimensional stable closed submanifold must be pseudo-umbilical or even a Euclidean sphere. A first difficulty in the general case n ≥ 2 arises from the fact that a calibrated submanifold M ′ does not have to be totally geodesic, and stability, with no further assumptions, does not seem to imply this. The Hodge theory of spheres yields other conditions on Ω that are necessary for their Ω-stability in Euclidean spaces (Proposition 4.5).
Critical area under volume constraints
We considerM with Riemannian metricḡ and a fixed (m + 1)-form Ω, and φ : M →M an immersed oriented submanifold. We use ∇, ∇ ⊥ and∇ to denote the connections on M, NM andM, respectively, and B the second fundamental form of φ , as a tensor with values on the normal bundle NM.
Let D ⊂ M be a compact domain with smooth boundary, andφ : (−ε, ε) × D →M, φ (t, p) = φ t (p), a smooth variation of φ = φ 0 : D →M that fixes the boundary ∀t. frame (g = g 0 , M = M 0 , etc..), (g t ) i j = g t (e i , e j ), and ⊤ and ⊥ represent the orthogonal projection of TM onto T M t and onto the normal bundle NM t of M t , respectively. M has parallel (constant, resp.) mean curvature if H is a parallel section in the normal bundle ( H is constant, resp.). The area of D t = (D, g t ) and the Ω-volume ofφ are respectively given by 
and so
The same formula holds for any t. Now for any 0 ≤ s ≤ t and
Differentiation with respect to t proves the lemma.
In what follows, Ω is a rank-(m + 1) pre-calibration onM.
This means Ω is an (m + 1)-form onM such that |Ω(u 1 , . . . , u m+1 )| ≤ 1, for any o.n. system u i of T xM , and equality holds for some system in T xM , at each x ∈M. In the latter case, we will refer to the subspace span{u i } as Ω-calibrated. An Ω-calibrated submanifold is an (m + 1)-dimensional submanifold M ′ with calibrated tangent space ( [17] 
We will refer to EM p = R ν p ⊕ T p M as the extended tangent space of M at p inM, and
The next lemma ensures that, if ν ∈ NM p satisfies a ν (p) = 1, then ν is unique. We will always assume that ν defines a smooth global section of NM /D .
Lemma 2.3. If φ has calibrated extended tangent space, then
Proof. The equalities are immediate consequences of Lemma 2.2. Then it follows
It is clear that if an
This is the case when M ′ is totally geodesic inM. We do not know if a calibrated (m + 1)-dimensional submanifold M ′ containing M does exist. Harvey and Lawson [17] , using methods of Cartan-Kähler theory, proved that, for some calibrations, the boundaries of Ω-calibrated manifolds are exactly the m-dimensional submanifolds Γ that are maximally Ω-like, that is, at each x ∈ Γ, its tangent space is in the span of a calibrated subspace E x . Definition 2.2 is a particular case of this condition. A positive answer to this problem for a given Ω would be equivalent, at each x ∈M, to prove a modified version of Hilbert's seventeenth problem in R m+n ≡ T xM , in the terms formulated in [17] . Thus, if this problem turns out to be true for Ω, an m-dimensional submanifold M with calibrated extended tangent space only exists if the mean curvature H points in the same direction of the unit normal of M as a submanifold of the extended calibrated manifold M ′ .
Example 2.1. IfM = N m+1 × P n−1 , where N and P are Riemannian manifolds, and Ω = Vol N , the calibrated submanifolds are the slices N ×h 0 where h 0 ∈ P. Let φ : M →M with components φ (p) = (ψ(p), h(p)). Then a ν (p) = 1 for all p means that dφ (e i ) and ν lie in T N. In particular dh ≡ 0, that is, h is constant. Consequently φ lies in a slice
Example 2.2. Consider R 8 with its octonionic structure and Ω the Cayley calibration, 
, where · is the Cayley multiplication (see [17] , Chap. IV). Let H : R 7 × R 7 → R 7 be the cross product of two octonions, [2] for the case n = 1). This is equivalent to the second fundamental form being an NMvalued multiple of the metric, that is, B(·, ·) = H ⊗ g. Totally umbilical submanifolds of space forms are also space forms and are either totally geodesic or m-spheres (see [5] ). If M is a closed submanifold of R m+n and with parallel mean curvature, it is sufficient to assume B 2 ≤ m 2 m−1 H 2 in order to conclude that M is an m-dimensional sphere ( [7] ). A weaker concept is pseudo-umbilicity, that is, whenḡ(B(·, ·), H) = H 2 g. Chen and Yano in [6] proved that M is pseudo-umbilical with parallel mean curvature H = H ν = 0 if and only if φ + H −1 ν is a constant vector z in R n+m . In this case M is immersed into a hypersphere of R n+m centered at z, and ν is parallel to the radius vector field φ − z. We now supposeM = R m+n with a pre-calibration Ω, and M is a submanifold with nonzero parallel mean curvature H and calibrated extended space. Let Proof. Using the pseudo-umbilicity assumption, we have for 2 , and Φ * Ω takes the value 1 along the g ′ -o.n. frame {− In this case, M is an umbilical hypersurface of a Euclidean space, and supposing M is closed, then by a classical result due to E. Cartan (or using [5, 7] ), M must be a sphere.
Henceforth we assume φ : M →M has calibrated extended tangent space. We consider the following class of functions, defined in [2, 3] , and a class of vector fields
whereF D,Ω is defined in (1). We consider the orthogonal split of the normal bundle
For each section W ∈ NM we denote the corresponding split 
Proof. We follow the argument of [3] . As in (1), W = f N ′ , where
, where exp is the exponential ofM. We consider, for each p ∈ D, the solution ξ (t, p) of the initial value problem
, where
The first part (a) of the next lemma is due to [2] . If D = M is a closed manifold, we show a similar conclusion for the Sobolev space [4] and recall that the set of functions f ∈ C ∞ (D) with f /∂ D = 0, and D(D) of the ones with compact support inside D, generate the same spaces L 2 (D) and
where we have used Cauchy-Schwarz in the last inequality.
We consider the set
, φ ≥ 0, and such that φ = 1 on supp ϕ. Let φ ε ∈ D(D) not identically zero, φ ε ≥ 0, and with compact support inside a small ball B ε withB ε ⊂ D\D ′ . Then we have a function f ∈ D(D) given by φ on D ′ , and by −cφ ε on B ε , and zero away from these sets, where c > 0 is the constant defined by
Theorem 2.1. Consider the following statements: The statements are all equivalent. 
are obvious using Lemmas 2.1 and 2.3.
The second variation
Let φ : D ⊂ M →M be an immersion with constant mean curvature H and with calibrated extended tangent space. In Theorem 2.1 we have shown that φ is a critical point of J D (t), for all variations fixing the boundary ∂ D. The Laplacian for sections in the normal bundle is given by [X,Y ] , and set
We also define a differential operator, C Ω : 
In particular J ′′ D (0) only depends on W ⊥ .
Proof. Let e t i be a g t -o.n. with e 0 i = e i . We have
The next formula is well known for W ⊤ = 0 ( [22] ), but we prove here the general casē
In (9), if n = 1, the term ∇ ⊥ H vanishes, giving the formula in [2, 3] . At a fixed point p 0 ∈ M we consider local g-o.n. frames e i such that ∇e i (p 0 ) = 0, and set g i j (t, p) = g t (e i , e j ). Since mH t = ∑ i j g i j t B t (e i , e j ), then at t = 0 and p = p 0
Using the symmetry of B, eq. (2), and
On the other hand, at t = 0 and p = p 0 ,
We note that
where in the last equality we have used Coddazzi's equation. Here ∇B denotes the covariant derivative of B as a tensor with values in NM. Therefore,
and we obtain (9). Next we calculate
Now we observe that, for X ∈ T p 0 M,
Consequently,
Therefore, taking X = W ⊤ in (12), using (11) and (9), and adding (8),
From (12) in the preceding proof, we conclude: 
In this case, if φ has constant mean curvature, then it has parallel mean curvature.
We now define a self-adjoint strongly elliptic second order differential operator J Ω :
where J (W ) is the usual Jacobi operator,
We now recall some properties of calibrations defined by fibrations. Consider π : M → N a Riemannian submersion between Riemannian manifolds, defining an orthogonal split of TM into the vertical and the horizontal spaces, TM = TM υ ⊕ TM h . For y ∈ N, M ′ y = π −1 (y) is the fibre at y, which we assume to be of dimension m + 1, and
For each vector X ∈ TM, we denote by X υ and X h its projection into TM υ and TM h , respectively. This fibration defines a pre-calibration onM that calibrates the fibres M ′ y . It is given by
where Vol y is the volume element of the fibre M ′ y , with y = π(x). 
We define a symmetric bilinear operator on the vector space
We consider the orthogonal split NM = Rν ⊕ F into two parallel subbundles.
, where f ∈ F D is identified with f ν, and
Let L 2 (NM /D ) be the space of measurable sections W of the normal bundle such that W ∈ L 2 (D), and
, and F ′ (F), respectively, where
(13) Then I Ω (W,W ) = Q Ω (W ), and so I Ω has a natural extension to W ∈ H 1 0,T (NM /D ). 
Lemma 4.2. C
Proof. First we claim that if Z ∈ L 2 (F) and Z⊥F ′ (F) then Z = 0 a.e.. To see this, we fix W ∈ L 2 (F). Then, for any f ∈ F D , 0 = Dḡ (Z, fW )dM, which implies by Lemma 2.5(a) thatḡ(Z,W ) is constant a.e.. Since W is arbitrary, Z = 0 a.e..Therefore,
On the other hand, the L 2 -closure of
Proof. This is an immediate consequence of Lemma 2.6.
Proof. We only need to prove that any W ∈ C ∞ 0 (F) with compact support K ⊂D is an element of F ′ (F), since the set of such sections is H 1 -dense in H 1 0 (F) (see [23] ). Let ϕ ∈ D(D) with ϕ = 1 on K. We have proved in the proof of Lemma 2.6 that ϕ ∈ F ′ D , say ϕ = f h, as in (4). Then W = ϕW = f (hW ) ∈ F ′ (F). The rest is elementary. 
On the other hand,
If we take i ≥ 1 and j ≥ 0, φ i φ j ∈ F ′ M satisfy the above inequalities. But the constant function h = 1 ∈ H 1 (M) can be expressed as an L 2 -limit of series in terms of φ i φ j , and it does not satisfy an inequality M ∇h 2 dM ≥ c M h 2 dM, where c is a positive constant. We note that φ i φ j , with i ≤ j, is not an orthonormal system. We consider the linear function on
Dḡ (J Ω (W ), ν)dM, and define a self-adjoint operator, the Ω-Jacobi operator,
We extend the definition of Jacobi field given in [3] :
Definition 4.2. We will say that W
The next proposition follows immediately from the previous lemmas of this section:
Proposition 4.2. W is an Ω-Jacobi field if and only if J Ω (W ) = cν, where c is a constant, if and only if
If φ is a minimal immersion, and Z is a Killing vector field ofM, it is well known that Z ⊥ is a Jacobi field for the usual Jacobi operator (C Ω = 0 ) in the sense that J (Z ⊥ ) = 0 [22] . A proof can be obtained by recalling that Killing vector fields generate a oneparameter family of isometries Φ t onM, defining a variation φ t = Φ t • φ by minimal immersions, and so a Jacobi field with vector variation. This is also true if φ has constant mean curvature withM = M ′ , n = 1 and Ω is the volume form of M ′ [3] . In higher codimension we need some additional assumptions. 
Proposition 4.3. If φ : M →M is any immersion and Z a Killing vector field ofM, then
where c = m H ḡ(C Ω (Z ⊥ ), ν) is a constant, which is zero if∇Ω = 0.
Remark 4.2. (1) If
Proof. Let p 0 ∈ M and e i , W α local o.n. frames of T M and NM, defined on an open set D of M which contains p 0 , and such that
to an open set of NM, using the exponential map ofM. Each point q ∈ V is of the form q = exp p (v) for a unique p ∈ D and v ∈ NM p . Let γ(t) be the geodesic starting at p with initial velocity v. Then we defineē i (q) andW α (q) as the parallel transport along γ(t) of e i (p) and of W α (p), respectively. In this way we have vector fields onM defined on a neighbourhood of p 0 , extending e i and W α . At p 0 we have
where in the last equality we have used the fact that B(e i , e j ) is symmetric andḡ(∇ e i Z, e j ) skew-symmetric in i j. Now we have at p 0 (and identifying e i with dφ (e i )),
Using the vanishing properties of the covariant derivatives of e i and W α at p 0 , and the fact that B(e i , e j ) is symmetric andḡ(∇ e i Z, e j ) is skewsymmetric in i j, we have
, and we arrive at
Then the expression of J Ω (Z ⊥ ) follows immediately. Now we suppose a calibrated extension M ′ exists with T M ′ = EM along M, and M ′ is minimal. Let Z ′ and Z ′′ be the projection of Z onto T M ′ and T M ′ ⊥ , respectively. Then for e ′ i a local o.n. frame of M ′ ,
where 
holds for any λ > 0, which should be taken sufficiently large (see Chap. 8 [14] ). It follows that a Morse index theorem can be stated for submanifolds with parallel mean curvature and calibrated extended tangent spaces by using the Ω-Jacobi fields, in a similar way as Simons's version for minimal submanifolds in [22] (see also [13] ). 
, with Ricci ′ the Ricci tensor of M ′ , and I is the bilinear form defined in [3] . The immersion into M ′ , φ : D → M ′ , is said to be stable, if I( f , f ) ≥ 0 for all f ∈ F D . Considering any section W ∈F D,Ω with W ⊥ = f ν, then a W =ḡ(W, ν) = f , and using the Gauss equation for M ′ as a submanifold ofM, we have
where B M ′ and H M ′ stand for the second fundamental form and mean curvature of M ′ in M, respectively. We have used that B M ′ (e i , ν) = ∇ ⊥ e i ν = 0. Recall the first eigenvalue of the twisted Dirichlet problem [4] (see also a Euclidean version [12] ) is given by
Now we consider the caseḡ(H
There are several situations with C Ω = 0. One is given in Proposition 3.2. Another is when n = 2 and∇Ω = 0. In Lemma 4.4 we will completely characterize this condition. 
In the particular caseḡ(R(W F
By the assumptions, (15) reads, for
Take (17) and the fact that I Ω (W,W ) ≥ 0, (1) follows immediately. If M ′ is totally geodesic, then B(e i , e j ) = B ν (e i , e j ) takes values on T M ′ , as well asR(e i , ν)e i = R ′ (e i , ν)e i . Thus the last terms of (16) 
Barbosa, do Carmo and Eschenburg proved in [3] that geodesic spheres of space forms are the unique stable hypersurfaces of constant mean curvature. The uniqueness is established by showing that the stability condition implies the hypersurface to be umbilical. As an immediate consequence of this result and the preceding theorem, we have: In the general case the calibrated extension M ′ is not a space form, and so geodesic spheres of M ′ may have no constant mean curvature, nor be umbilical (the second fundamental form of geodesic spheres is, up to a sign, the Hessian of the distance function to a point), but umbilical submanifolds may exist. Furthermore, geodesic m-spheres in a Euclidean space or in a Euclidean (m + n)-sphere with n ≥ 2 may not be stable (see Propositions 4.5 and 4.6(2)). For the case of positive sectional curvature, a more general statement is the following: 
vector space R m+1 , if we fix W α a constant o.n. frame of T M ′⊥ = R n−1 , then the (m −1)-formsξ αβ = Ω(W α ,W β , · · · ) are parallel in R m+n . We may take in previous proposition ξ (W α ,W β ) = * φ * ξ αβ , that are obviously co-closed on M. Many well known calibrations in R m+n satisfy C Ω = 0 with ξ (W α ,W β ) co-closed. On the other hand, to investigate if inequalities in Proposition 4.5(2) are satisfied or not seems to be not so easy to determine, as we can see in next remark. where ε i is the canonical basis of R 7 . We are considering S 2 the unit sphere of the calibrated subspace spanned by ε i , i = 1, 2, 3 and W α = ε α , α = 4, 5, 6, 7. Then we havê ξ 45 =ξ 67 = ε 1 * = dx 1 ,ξ 46 = −ξ 57 = ε 2 * = dx 2 ,ξ 47 = −ξ 56 = −ε 3 * = −dx 3 . Consequently, ω αβ = ρ αβ Vol S 2 with ρ 45 = ρ 67 = −φ 1 , ρ 46 = −ρ 57 = −φ 2 , ρ 47 = −ρ 56 = φ 3 , where φ : S 2 → R 3 ⊂ R 7 is the inclusion map. Let us suppose that φ is Ω-stable. Then ω 45 should satisfy the last inequality of Proposition 4.5, i.e. for any functions f , h :
We now use the stereographic projection σ :
, that is a conformal map. We denote by Vol 0 the Euclidean volume element of R 2 , J the canonical complex structure, and by ∇ 0 f the Euclidean gradient for a function defined on R 2 . Then the above inequality is equivalent to
for functions f , h : R 2 → R, that we take with compact support in an annulus D := {w :
, and if this is ≥ 0, from preceding inequality we have 2(
A pair of functions (h, h ′ ) on D defines a holomorphic map in C if and only if −J∇ 0 h ′ (w) = ∇ 0 h(w). Thus, we maximize g 0 (J∇ 0 f , ∇h) by taking f = −h ′ for such pair of conjugate harmonic maps, giving Vol 0
This would give a contradiction in the previous inequality. As a matter of fact,
we cannot choose such a pair of functions, because nonconstant harmonic maps cannot vanish in all ∂ D. We also recall that a harmonic function f on R 2 with L 2 derivative defines a L 2 -harmonic one-form d f , and so, by a result of Yau ( [24] , Theorem 6), f must be constant. The question is to know how far is an holomorphic map (ϕ, ϕ ′ ) on D from a pair of functions ( f , h) vanishing in ∂ D. This can be measured by |Vol 0 (∇ 0 f , ∇h)| as we have described. A significant distance between these two set of pairs of functions could indicate that (18) holds. We also observe that φ k are λ 1 -eigenfunctions with λ 1 = 2 the first nonzero eigenvalue of S 2 , and they satisfy S 2 (φ k ) 2 dM = 1 3 |S 2 |. Furthermore, the inequality (18) holds if we take f α and f β any λ i -eigenfunctions, with i = 1 or 2, giving either equality, or zero in the l.h.s. The fact that ω αβ is defined using the λ 1 -eigenfunctions suggests us that a proof of the Ω-stability of the 2-sphere should be related to some inequalities derived from spectral theory, and this will be the subject of future work. , we can verify, using spherical coordinates, that the previous inequality holds, with equality in some cases. Once more, a proof for stability seems to be related to new spectral inequalities as in preceding case (1).
Next we obtain a uniqueness theorem which extends the case n = 1 [2] : Now we specialize on the case that the calibration is Ω π , defined by a Riemannian fibration π :M → N of totally geodesic fibres. We recall that the Riemannian submersions of the unit Euclidean spheres S m+n , with totally geodesic and connected fibres, were classified by Escobales and Ranjan [10, 20] , and define the Hopf fibrations of the spheres. Among these fibrations, the ones that have fibres of dimension ≥ 3 are the Hopf fibrations of S 7 with fibre S 3 , of S 4k+3 , for k ≥ 2, with fibre S 3 , and of S 15 with fibre S 7 , i.e.
respectively, where HP k is the quaternionic projective space of sectional curvature K with 1 ≤ K ≤ 4, and S 4 ( 1 2 ) and S 8 ( 1 2 ) are spheres of curvature 4. Fibrations of H m+2 by totally geodesic hypersurfaces (and so by (m + 1)-dimensional hyperbolic spaces) were described by Ferus [11] , and they arise as the nullity foliation of a suitable isometric immersion of H m+2 into H m+3 without umbilics. Proof. (1) and (3) are immediate consequences of Theorem 4.1(2) and Proposition 3.2. Now we prove (2) . In [3] it is proved that I( f , f ) ≥ 0 for all f ∈ F M . On the other hand, the normal bundle N(S m+1 ) of S m+1 in S m+n is a trivial bundle, spanned by n − 1 unit parallel vector fields V 1 , . . . ,V n−1 . Their restrictions to M are parallel along M, and they span the parallel subbundle F of NM. By Proposition 4.4 with C Ω = 0 (see Proposition 3.2), M is Ω-unstable.
